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ABSTRACT 
The v a r i a t i o n a l  problem of minimizing t h e  energy of a t r i a l  
wave f u n c t i o n  which i s  cons t r a ined  t o  g ive  t h e  known t h e o r e t i c a l  
or exper imenta l  e x p e c t a t i o n  va lue  of an  ope ra to r  i s  d i scussed .  
A p e r t u r b a t i o n  approach is  developed which l e a d s  t o  simple 
equa t ions  f o r  e s t i m a t i n g  t h e  e f f e c t  of t he  c o n s t r a i n t  on t h e  
e x p e c t a t i o n  va lues  of o the r  opera tors ,  and t h e  i n c r e a s e  i n  energy 
due t o  t h e  c o n s t r a i n t .  It i s  shown t h a t  f o r  h y p e r v i r i a l  o p e r a t o r s  
t h e  c o n s t r a i n t  procedure f o r  s a t i s f y i n g  t h e  cor responding  hyper-  
v i r i a l  theorem l e a d s  t o  equal  and oppos i t e  r e s u l t s  from t h e  
v a r i a t i o n a l  procedure.  The theory  is  extended t o  cover  t h e  e f f e c t  
of c o n s t r a i n t s  on second-order p r o p e r t i e s  and m u l t i p l e  c o n s t r a i n t s .  
The p e r t u r b a t i o n  equa t ions  a re  a p p l i e d  t o  Robinson's (1957) 
c a l c u l a t i o n s  on t h e  l i t h i u m  hydride molecule, p r e v i o u s l y  d iscussed  
by Rasiel and Whitman (1964). 
- - - - -  
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INTRODUCTION 
There has  been a l o t  o f  i n t e r e s t  r e c e n t l y  i n  t h e  c a l c u l a t i o n  of 
t h e  e x p e c t a t i o n  va lues  of  ope ra to r s  o the r  t han  t h e  energy.  It i s  w e l l -  
known t h a t  i f  t h e  e r r o r  i n  a v a r i a t i o n a l l y  determined wave f u n c t i o n  i s  
of  order  a , t h e n  whereas the energy  i s  c o r r e c t  t o  order  A', 
t h e  e r r o r  i n  t h e  e x p e c t a t i o n  va lues  of o ther  o p e r a t o r s  i s  of order  
* 1 . An i n t e r e s t i n g  approach in t roduced  by Mukherji  and Karplus  
and developed r e c e n t l y  by Whitaan and h i s  c o ~ . ~ a b o r a r o r s ~ ' ~  i s  t o  
c o n s t r a i n  t h e  v a r i a t i o n a l  wave f u n c t i o n  t o  g ive  t h e  known t h e o r e t i c a l  
o r  exper imenta l  va lue  p of t h e  e x p e c t a t i o n  va lue  M of some ope ra to r  
. This  c o n s t r a i n t  w i l l  c o s t  a c e r t a i n  amount of energy LE, 
b u t  i f  t h e  d i f f e r e n c e  a p  b e  tween p and t h e  f r e e - v a r i a t i o n a l  
v a l u e  of  M i s  small, t hen  LE w i l l  on ly  be of order  A;. 
The hope i s  t h a t ,  f o r  a n e g l i g i b l e  s a c r i f i c e  i n  energy, t h e  cons t r a ined  
wave f u n c t i o n  will l ead  t o  more a c c u r a t e  e x p e c t a t i o n  v a l u e s  of o the r  
o p e r a t o r s  t han  t h e  unconstrained wave f u n c t i o n .  
r e a l i z e d  i n  c a l c u l a t i o n s  on hydrogen f l u o r i d e  , l i t h i u m  hydr ide  and 
3 
hel ium . 
This  hope has  been 
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The o b j e c t  of t h i s  paper i s  t o  p r e s e n t  a new formula t ion  of t h e  
cons t r a ined  v a r i a t i o n a l  p r i n c i p l e  and t o  propose a p e r t u r b a t i o n  
approach based on t h e  f r e e  v a r i a t i o n a l  p r i n c i p l e .  
2 
Rasiel and Whitman 
took t h e  f i r s t  s t e p  towards such an  approach b u t  d id  no t  develop i t .  
* Unless t h e  opera tor  commutes w i t h  t h e  Hamiltonian, i n  which case 
a 2  . 
1. A .  Mukherji  and M. J. Karplus, J. Chem. Phys., 38. 44 ( 1 9 6 3 ) .  
2.  Y. Rasial and D. R. Whitman, Bu l l .  Am. Phys. SOC.,  2, 231 (1964);  
3. D. R. Whitman and R.  Carpenter ,  Bu l l .  Am. Phys. SOC. ,  3 231  ( 1 9 6 4 ) .  
- - - - -  
t h e  e r r o r  i s  a l s o  of  order 
J. Chem. Phys. ( t o  be publ i shed) .  
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CONSTRAINED VARIATIONAL PRINCIPLE 
Let %, be t h e  Hamiltonian f o r  t h e  system of i n t e r e s t  and l e t  3- 
and f? be the  approximate ground s t a t e  wave f u n c t i o n  and energy 
(non-degenerate) s a t i s f y i n g  t h e  f a m i l i a r  v a r i a t i o n a l  p r i n c i p l e  
6 E  = 0 where E = <q ,-kq>/(IE.,\E> 
and 9 i s  a t r i a l  wave func t ion .  The e x p l i c i t  form of t h e  
v a r i a t i o n a l  equa t ion  can be w r i t t e n  
Consider now the  c o n s t r a i n t  on 9 : M = p where 
* 
and r is  a c o n s t a n t .  The cons t r a ined  v a r i a t i o n a l  p r i n c i p l e  
may be w r i t t e n  
where i s  a Lagrange m u l t i p l i e r ,  or i n  t h e  more e x p l i c i t  form 
- - - - -  
* It i s  assumed t h a t  p i s  a p o s s i b l e  va lue  of M ; t h a t  i s ,  
does n o t  exceed a bound of M. I n  the  case  of l i nea r  v a r i a t i o n  
func t ions  of  t h e  type (12)  t h i s  i s  e q u i v a l e n t  t o  assuming t h a t  p 
l i e s  between t h e  smallest and l a r g e s t  e igenvalues  of t h e  m a t r i x  
r e p r e s e n t a t i v e  PI of 3c i n  t h e  b a s i s  s e t .  
3 
a 
This  equa t ion  i s  e q u i v a l e n t  t o  t h e  f r e e  v a r i a t i o n a l  p r i n c i p l e  
s ‘e = 0 where 
and -#- is  t h e  f i c t i t i o u s  Hamiltonian 
The v a l u e  of t h e  parameter i s  f i x e d  by t h e  c o n s t r a i n t  
c o n d i t i o n  (3)  , which may be  w r i t t e n  
However, s i n c e  does n o t  occur e x p l i c i t l y  i n  , t h e  
gene ra l i zed  Hellmann-Feynman theorem i s  v a l i d  f o r  changes i n  
t h a t  i s  
A 4 ;  
Hence t h e  c o n s t r a i n t  cond i t ion  i s  equ iva len t  t o  % E / > >  = 0 . 
The complete s ta tement  of t h e  cons t r a ined  v a r i a t i o n a l  p r i n c i p l e  i s  
t h e r e f  o r e  t h a t  i s  s t a t i o n a r y  w i t h  respect t o  v a r i a t i o n s  i n  t h e  
t r i a l  wave f u n c t i o n  \z! 
Lagrange m u l t i p l i e r  h . The s t a t i o n a r y  va lue  of  E i s  t h e  
4 .  A .  C. Hurley,  Proc.  Roy. SOC. A226, 179 (1954). 
and a l s o  wi th  respect t o  v a r i a t i o n s  i n  the  
- - - - e  
' . 1,; ., , ' 
4 
cons t ra ined  energy E - For t h e  ground s t a t e  t h e  extremum i s  
a minimum of  and t h e  extremum i s  a maximum. 
Let E ( ) be t h e  v a l u e  of  (5 which i s  s t a t i o n a r y  w i t h  
r e s p e c t  t o  gg f o r  a r b i t r a r y  . Then A i s  determined by 
d-f? /ah = 0 . The e l i m i n a t i o n  of may be accomplished 
formal ly  by t h e  fo l lowing  contour  i n t e g r a l  
where the primes denote  d i f f e r e n t i a t i o n  and t h e  contour  goes round 
t h e  smallest zero  of  E'().) i n  t h e  complex A-plane.  S i m i l a r l y ,  
i f  L(  ) i o  t h e  e x p e c t a t i o n  v a l u e  o f  an opera tor  f o r  
arbitrary , t h e n  
binear V a r i a t i o n  Funct ions  
I f  
J 
where the  $b a r e  a f i x e d  b a s i s  s e t  w i t h  o v e r l a p  matrix $ , 
then equat ion  ( 5 )  leads t o  t h e  s e c u l a r  equat ion8  
J 
L 
where = h + <u"1 - i s  t h e  matrix r e p r e s e n t a t i v e  
of -9% . Let  
Then s i n c e  
t h e  f i r s t  s t e p  i n  t h e  c o n s t r a i n t  problem i s  t o  so lve  the  equa t ions  
Rather  t han  d i s c u s s  f u r t h e r  the n a t u r e  of  t he  s o l u t i o n s  f o r  t h i s  
p a r t i c u l a r  case, we t u r n  t o  a gene ra l  p e r t u r b a t i o n  approach. 
PERTURBAT ION APPROACH 
L e t  u s  assume t h a t  E ( A )  can  be expanded as a power 
series i n  h over t h e  range  of i n t e r e s t ,  t h a t  i s  
The c o n s t r a i n t  c o n d i t i o n  is  dE/A> = 0 where 
5 
. 
6 
4 
L e t  m be  t h e  expecta.t ion v a l u e  of c/lc f o r  t h e  uncons t ra ined  
wave funct ion,  so t h a t  M = m when = 0 . I f  t h e  e r r o r  i s  
A p  = - m t h e n  i t  follows from e q u a t i o n  (18) by s e t t i n g  A = 0 
t h a t  
Hence the  c o n s t r a i n t  c o n d i t i o n  f o r  becomes 
Consider t h e  case i n  which t h e  uncons t ra ined  wave f u n c t i o n  )L 
i s  a f a i r l y  good approximation t o  t h e  t r u e  e i g e n f u n c t i o n  so  t h a t  
A k  i s  s m a l l ,  Then by e q u a t i o n  (20) a i s  small  and may be r e g a r d e d  
as a p e r t u r b a t i o n  parameter ,  i n  keeping w i t h  i t s  r o l e  i n  t h e  
Hamiltonian $% of e q u a t i o n  ( 7 ) .  By i n v e r t i n g  e q u a t i o n  (20) 
may be expressed as a power series i n  by, which can be t r u n c a t e d  
when s u f f i c i e n t  accuracy i s  achieved.  Equat ion ( 1 7 )  can s i m i l a r l y  
be regarded  a s  a p e r t u r b a t i o n  ser ies  f o r  t h e  energy, and re -expressed  
i n  powers of Ap i f  d e s i r e d .  
The f i r s t  approximation f o r  from e q u a t i o n  (20) i s  
The l e a d i n g  terms i n  t h e  energy of c o n s t r a i n t  AE = E - e are 
A E  = hE(’) + X2E(2)  + O (  x3) . (22) 
. 7 
By s u b s t i t u t i n g  f o r  E"' from equa t ion  (19) and from equa t ion  
(21)  we  g e t  
or 
Note t h a t  s i n c e  E(') and h are both  of o rde r  A p  , whi le  
E ( 2 )  i s  of order  u n i t y  i n  genera l ,  t h e  terms formal ly  of " f i r s t  
o rder"  and "second order"  a r e  both  o f  order  
are h a l f  t h e  " f i r s t  order"  term - . 
AF2, and toge the r  
S ince  E(2)  i s  always negat ive  f o r  grqund states i t  i s  clear 
from equa t ion  ( 2 3 )  t h a t  t h e  c o n s t r a i n t  always l eads  t o  an  i n c r e a s e  
i n  t h e  c a l c u l a t e d  energy.  However, t h i s  i n c r e a s e  i s  only  of order  
hp2 as expected,  and w i l l  be small i f  A p  i s  small and 
Consider t he  case when '3j, i s  the  l inepr v a r i a t i o n a l  f u n c t i o n  
(12), and l e t  yj, E. be t h e  ( j  + 1) - th  f r e e  v a r i a t i o n a l  J 
s o l u t i o n s .  I n  terms o f  t h i s  "unperturbed" b a s i s  t h e  ground state 
(j = 0) expres s ion  f o r  t h e  second-order c o e f f i c i e n t  i s  
It fo l lows  t h a t  \ E  ( * ) I  
couples  s t r o n g l y  w i t h  t h e  ground state through t h e  ope ra to r  . 
i s  l a r g e  i f  a low-lying e x c i t e d  state 
8 
It can  e a s i l y  be shown t h a t  i n  e q u a t i o n  (23) f o r  A E  t h e  
c o n d i t i o n  f o r  t h e  n e g l e c t  a f  t h e  term in dp3 compared t o  t h a t  i n  
If E(2) and E ('I owe t h e i r  magnitudes mainly t o  a low-lying 
excited state j = 1, t h e n  (25) r e d u c e s  t o  
\+I = I p - N o J  << - N:, - (26) 
I WN-- Me, I 
The terms i n  o f  higher  order  i n  hiu- are given i n  e q u a t i o n  ( 7 4 ) .  
Other Expectat ion Values 
Consider another  opera tor  whose e x p e c t a t i o n  v a l u e  i n  t h e  
f r e e  v a r i a t i o n a l  approximation i s  
L = < , \z. > be t h e  constx-ained v a l u e ,  It i s  convenient  
t o  in t roduce  another  f i c t i t i o u s  Hamiltonian 
1 = < f j  > , and l e t  
and l e t  E be  t h e  minimum v a r i a t i o n a l  energy, so  t h a t  
Le t  u s  assume t h a t  E can be expanded as ;i double  power ser ies  i n  
and ir' 
. 
9 
Then 
n=o 
The change h L  = L - 1 i n  t h e  e x p e c t a t i o n  v a l u e  of 2 on 
c o n s t r a i n i n g  t h e  v a r i a t i o n  i s  t h e r e f o r e  given by 
The f i r s t  approximation f o r  
f o r  & E  is 
A L  corresponding  t o  equa t ion  (23) 
The l e a d i n g  change i s  the re fo re  deterrr.lned by t h e  c r o s s  c o e f f i c i e n t  
E(''') +- - and w i l l  u s u a l l y  be  of f i r s t  o rder  i n  
For the case of t h e  l i n e a r  v a r i a t f o n  f u n c t i o n  (12) t h e  formula 
E ('3') is (assuming r e a l  f u n c t i o n s ) ,  f o r  
It i s  c l e a r  t h a t  
l i t t l e  e f f e c t  on t h e  expec ta t ion  va lue  of 
i n t e r a c t  i n  second o rde r .  
E ('"' w i i l  van i sh ,  and t h e  c o n s t r a i n t  w i l l  have 
, u n l e s s  c/cc and 
They w i l l  n o t  i n t e r a c t  i f  t h e  Hamiltonian 
10 
h possesses  symmetry and t h e  r e p r e s e n t a t i o n  of t h e  crperatcr &-x does 
n o t  conta in  t h e  u n i t  r e p r e s e n t a t i m .  
Second O r d e r  Proper t i e s  
The e f f e c t  of c o n s t r a i n t s  e* secund-order p r o p e r t i e s  a s s o c i a t e d  
w i t h  a n  opera tor  can a l so  be e s t i m a t e d  by t h e  p e r t s r b s t i o n  
approach. Second-order p ~ ~ p e r t i e s  are those  of t h e  type 5 
such as e l ec t r i c  p o l a r i z a b i l i t y .  It follows from e q u a t i o n  (29) t h a t  
h= 0 
The unconstrained v a l u e  of 9, corresponding t o  )a L= 0 i s  
t h e r e f  o r e  
c o n s t r a i n t  i s  
8 3  t h a t  t h e  change QQ = Q - due t o  X = E  (0.9 2) 
00 
( 3 6 )  
CR, L) A Q  = x " E  
h= I 
-_  A r- ~ ( b ~ P / a  E ( 2 )  + o(  h2) (37)  
For t h e  l i n e a r  v a r i a t i o n a l  f u n c t i o n  (12)  t h e  new c o e f f i c i e n t  appear ing  
i n  t h i s  equat ioq  may be expressed i n  terms of t h e  uncons t ra ined  b a s i s  
se t  as 
- 
E ( 1 9 2 )  = 2 f - f  M j k e k a  + ;? L0jL;l.k w t o  (38) 
( ( 0  - GJL )C eo  - GJJ - - - - -  j &  
5.  L Oo Hirschfelder. W. Byers Brownggand S.  T.  Eps te in ,  Advances i n  
Quantum Chemistry, volume 1, ed .  Lowdin, Academic Press, New 
York(1965). 
~~ 
. 
11 
c e 
L = L  ' L . 8  jk 30 jk - where M = M j k  - M oo 'jk ' j k  j k  
It can  be seen  from the  equat ions  of  t h i s  s e c t i o n  how easy  i t  
would be t o  g e n e r a l i z e  t h e  theory t o  ccver  t h e  c o n s t r a i n t  of  a second- 
o rde r  p rope r ty .  However ,such a procedure is  u n l i k e l y  t o  be u s e f u l  
i n  p r a c t i c e ,  and w i l l  not  be developed here .  
The c o e f f i c i e n t s  E(2', E'"') and E(192f appear ing  i n  t h e  
l e a d i n g  t e r m s  f o r  t he  changes i n  E, L and Q due t o  t h e  c o n s t r a i n t  
M = p 
However, i f  t h e  approximation i s  a good one, which i s  a necessary  
r e f e r  t o  the  v a r i a t i o n a l  approximation under c o n s i d e r a t i o n .  
c o n d i t i o n  f o r  t h e  success  of the p e r t u r b a t i o n  t rea tment ,  t hen  the  
v a l u e s  of t h e  c o e f f i c i e n t s  given by t h e  v a r i a t i o n a l  approximation 
w i l l  be c l o s e  t o  the  e x a c t  va lues .  
To e x h i b i t  t h e  r e l a t i o n  of t h e  e x a c t  and approximate c o e f f i c i e n t s ,  
i s  t h e  p r o j e c t i o n  opera tor  on to  t h e  subspace of t he  suppose 
v a r i a t i o n a l  f u n c t i o n  , s o  t h a t  i n  t e r m s  of t he  uncons t ra ined  
8 
3j orthonormal  b a s i s  set 
J 
Also l e t  0 be the  p a r t  of  P complementary t o  p q* 9 t h e  
v a r i a t i o n a l  approximation t o  the ground s t a t e  e igen func t ion  of h,  
s o  t h a t  
I 
1 2  
i 
The approximate c o e f f i c i e n t s  mzy then  be w r f t t e n  i n  t h e  form 
where 
The e x a c t  c o e f f i c i e n t s  a r e  g iven  formally by t h e  same expres s ions  
but  now 6) + 1 s o  h -+ h and d 1 - I $ % $ /  , and ?+!)e nf 
a r e  now the ground s t a t e  e igen func t ion  and e igenvalue  of h .  
For c e r t a i n  ope ra to r s  d and d t he  e x a c t  c o e f f i c i e n t s  
involve  only fami l ia r  p h y s i c a l  p r o p e r t i e s .  
exper imenta l ly  or t h e o r e t i c a l l y  i t  should be easy  t o  make e s t i m a t e s  
I f  t h e s e  are kmwn 
of t h e  e f f e c t s  of t h e  corresponding c o n s t r a i n t s  on c e r t a i n  of t h e  
c a l c u l a t e d  p r o p e r t i e s .  This  i s  i l l u s t r a t e d  by t h e  fo l lowing  examples 
.Jt 
f o r  molecular systems.  
- - - - -  
* I n  t h i s  s e c t i o n  t h e  Born-Oppenheimer f i x e d  nuc leus  approximation i s  
assumed, and a l l  formulae a r e  i n  convent iona l  atomic u n i t s .  
. 
. 
a )  Dipole  Moment 
13 
If i s  the  d i p o l e  mcment vec to r  ope ra to r  f o r  a polyatomic 
molecule  , 
t h e  exact c o e f f i c i e n t  E ( 2 )  - - -  ' o( , where 5 i s  t h e  
'y 
e lec t r i c  p o l a r i z a b i l i t y  t e n s o r .  The i n c r e a s e  i n  energy on c o n s t r a i n i n g  
i s  t h e r e f o r e  approximately E t h e  d i p o l e  moment t o  i t s  c o r r e c t  va lue  
where drP i s  t h e  d iagonal  component of lX 
25 
of be , assumed t o  be a p r i n c i p a l  axLs. 
b )  Nuclear Force (He Ilmann-Feynmzn Theorem) 
) 
( 4 6 )  
a long  t h e  d i r e c t i o n  
I f  i s  t h e  f o r c e  vec tor  ope ra to r  f o r  nuc leus  K i n  a 
molecule  
t h e n  by the  Hellmann-Feynman theorhm t h e  e x p e c t a t i o n  va lue  of 7% 
N 
should van i sh  f o r  a l l  n u c l e i  i n  t h e  e q u i l i b r i u m  c o n f i g u r a t i o n .  The 
e x a c t  second-order t enso r  zoef f i c i e n t  cor responding  t o  t h i s  ope ra to r  
appears  i n  t h e  formula f o r  t h e  force-cons tan t  m a t r i x  of t h e  molecule.  
6 .  W. Byers Brown, Proc.  Camb. P h i l .  S O ~ . ,  54, 251 (1958). 
6 
- - - - -  
14 
For a diatomic molecule AB t h e  zz-component a l o n g  t h e  molecular  axis  
can  be w r i t t e n  i n  t h e  form 7,8 
i s  t h e  e l e c t r o n  de1is-i.t.y a t  nuc leus  o( , k i s  t h e  
PK 
where 
f o r c e  cons tan t  and 
a t  nucleus o( Unfor tuna te ly ,  a l though k and 
a c c e s s i b l e  exper imenta l ly  , -f$ u s u a l l y  i s  n o t .  
i s  t h e  zz-component of t h e  f i e l d  g r a d i e n t  
l d  
may be 2* 
The e x p e c t a t i o n  v a l u e  of t h e  t o t a l  f o r c e  o p e r a t o r  
3 6. = z?4  d -  (49 1 
should be z e r o  fo r  c m f i g u r a t i o n s .  The cor responding  second- 
order  c o e f f i c i e n t  f o r  a d ia tomic  molecule has  t h e  zz-component 
where R i s  t h e  i n t e r n u c l e a r  d i s t a n c e  AB, 
The second order  c r o s s  c o e f f i c i e n t  E(''') f o r  = d i p o l e  
moment and 2 = t o t a l  nuc lear  f o r c e  7 i s  p a r t i c u l a r l y  s imple .  
By t h e  o s c i l l a t o r  s t r e n g t h  sum r u l e  t h e  zz-component i s  s imply 
z 
- - - - -  
7. Er ich  S t e i n e r ,  Ph.D. Thes ls ,  U a i v e r s i t y  o f  Manchester, England (1961) .  
8.  Lionel  Salem, J, Chem. Phys., 38, 1 2 2 7  (1963). 
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where N i s  t h e  number of e l e c t r o n s .  I f  i s  i n s t e a d  only  t h e  
f o r c e  xd on nucleus d then 
where i s  he re  t h e  d ipo le  moment. i n  equa t ion  (52) t h e  p o s i t i v e  
s i g n  i s  t o  be  taken  f z r  =he nricleus w i t h  t h e  smal le r  z -coord ina te  and 
t h e  nega t ive  s i g n  f o r  t h e  o ther  nuc leus .  It has been assumed t h a t  
t h e  molecule i s  e l e c t r i c a l l y  n e u t r a l  so  t h a t  N = zk 4- 2, - 
c )  V i r i a l  Theorem 
According t o  t h e  v i r i a l  theorem t h e  e x p e c t a t i o n  va lue  of t h e  
ope ra to r  d = 2%+ , where -fc and % a r e  the  k i n e t i c  and 
p o t e n t i a l  energy  ope ra to r s ,  should be equa l  t o  
* 
p =  -5% * 3 e / x 4  . I f  t h i s  c o n d i t i o n  i s  no t  s a t i s f i e d  
t h e  wave f u n c t i o n  may be cons t ra ined  t o  do s o  i f  des i r ed .  The c o s t  
i n  energy can  be es t imated  from eq13atic.n (23)  by us ing  the  e x a c t  
expres s ion  f o r  t h e  second-order c o e f f i c i e n t  which i s  6,' 
where R i s  t h e  l eng th  of  bond s and kst are t h e  bond s t r e t c h i n g  
f o r c e  c o n s t a n t s .  
* This  i s  n o t  s t r i c t i y  the  o r i g i n a l  v i r i a l  theorem, bu t  a c l o s e l y  
r e l a t e d  theorem der ived  by homogeneous s c a l i n g .  The o r i g i n a l  
v i r  i a l  theorem l eads  t o  
S 
- - - - -  
2 K i - U  = - m * . < v , ~ * / b R d + ,  
and i s  only  e q u i v a l e n t  t o  the s c a l e d  form quoted i n  t h e  text i f  t h e  
He llmann-Feynman theorem i s  v a l i d .  
16 
The conclus ion  t h i t  t h e  energy must i n c r e a s e  i n  order t o  s a t i s f y  
t h e  v i r i a i  theorem appears  wrong a t  f i r s t  s i g h t .  It  i s  w e l l  known 
t h a t  a n  approximate wave funct . ion which does n o t  s a t i s f y  t h e  v i r i a l  
theorem can always be made t o  do so  by i n t r o d u c i n g  a scale parameter 
and minimizing t h e  e x p e c t a t i o n  v a l u e  of t h e  Hamiltonian w i t h  r e s p e c t  
t o  i t .  This  procedure always leads t o  a decrease  i n  energy.  The 
paradox i s  r e s o l v e d  by observing t h a t  i f  t h e  v a r i a t i o n a l  f u n c t i o n  
included c o o r d i n a t e  s c a l i n g  2mong i t s  degrees  o f  v a r i a t i o n a l  freedom, 
t h e n  t h e  uncons t ra ined  f m c t i o n  would a l r e a d y  s a t i s f y  t h e  
v i r i a l  theorem, a n d  no f u r t h e r  c o n s t r a i n t  would be necessary .  I f  
t h e  v i r i a l  theorem i s  no t  s a t i s f i e d  by t h i s  implied t h a t  t h e  
scale  i n  9 i s  n o t  regarded as a p o s s i b l e  v a r i a t i o n .  
The i n t i m a t e  r e l a t i o n s h i p  between t h e  e f f e c t s  of c o n s t r a i n i n g  
a n  approximate wave f u n c t i o n  t o  s a t i s f y  a t h e o r e t i c a l  c o n d i t i o n  and 
t h e  e f f e c t s  of v a r y i n g  t h e  wave f u n c t i o n  t o  s a t i s f y  t h e  c o n d i t i o n  
a r e  d iscussed  i n  t h e  next  s e c t i o n  f o r  t h e  case i n  which t h e  c o n d i t i o n  
can be w r i t t e n  as a h y p e r v i r i a l  r e l a t i o n ,  
d )  Molecular Geometry 
It i s  a l s o  p o s s i b l e  t o  estimate t h e  e f f e c t  of  a c o n s t r a i n t  
c o n d i t i o n  on t h e  e q u i l i b r i u m  c o n f i g u r a t i o n  c a l c u l a t e d  f o r  a 
molecule. Consider t h e  s i m p l e s t  e a s e  of  a d ia tomic  malecule and 
l e t  re be  t h e  e q u i l i b r i u m  bond length.  fo r  t h e  unconstrained 
t rea tment .  Impose t h e  c o n s t r a i n t  
M(R)  = p ( R )  ( 5 4 )  
. 
f o r  eve ry  i n t e r n u c l e a r  d i s t a x e  R c  Let  R e  be t h e  exper imenta l  
bond l e n g t h  s a t i s f y i n g  the  equat ion  > E  /&R = 0, or  
where &E is  che energy cf c o n s t r a i n t  given by equa t ions  ( 2 2 j  and 
(23) .  Since  A R  
g e t  
where k e i s  the  
= R - v' i s  supposed s m a l l  w e  can expand t o  e e 
unconstrained f o r c e  cons t an t .  Therefore ,  
2 and s i n c e  A E  i s  of order  bp Ehe e r r o r  i n  R e  i s  
e f f e c t i v e l y  of t he  same o rde r .  
CONSTRAINING VERSUS VARYING FOR HYPERVIRIAL THEOREMS 
The v i r i a l  theorem and t h e  Hellman-Feynman theorem f o r  t h e  
t o t a l  f o r c e  are p a r t i c u l a r  cases  of a gene ra l  c l a s s  known as t h e  
hype rv i r  i a l  theorems. 'j10 These a r e  r e l a t i o n s  of t h e  form 
1 7  
- - - - -  
9.  J. 0. Hi r sch fe lde r ,  J. Chem. Phys. a 1762 (1960)- 
10. S. T.  E p s t e i n  and J. 0. H i r sch fe lde r ,  Phys. Rev. 123, 1495 (1960). 
18 
and are s a t i s f i e d  by t h e  exact w a v e  f u n c t i o n  f o r  any o p e r a t o r  
i n  what fol lows we s h a l l  suppose that  f s  h e r m i t i a n -  The 
-hr- ; 
h y p e r v i r i a l  theorem (58) can  be regarded  as t h e  t h e o r e t i c a l  c o n d i t i o n  
p =  0 on t h e  e x p e c t a t i o n  v a l u e  of  t h e  h e r m i t i a n  operacor  
d e f i n e d  by 
(59)  
10  
E p s t e i n  and HErschfelder have shown t h a t  an approximate wave 
f u n c t i o n  can  always be made t o  s a t i s f y  any p a r t i c u l a r  h y p e r v i r i a l  
theorem by a v a r i a t i o n a l  procedure.  T h i s  i s  done by i n t r o d u c i n g  a 
c e r t a i n  mode of v a r i a t i o n  depending or* and making t h e  energy 
s t a t i o n a r y  w i t h  r e s p e c t  t o  t h i s  mode, I f  w e  wish t o  modify a n  
approximate wave funcc ion  t o  s a t i s f y  a p a r t i c u l a r  h y p e r v i r i a l  
theorem w e  have, t h e r e f o r e ,  a choice :  ( a )  t h e  wave 
f u n c t i o n  t o  s a t i s f y  p= 0 ; (b )  vary t h e  wave f u n c t i o n  t o  
s a t i s f y  p = 0 . 
i t s  p e r t u r b a t i o n  development have been d i s c u s s e d  i n  t h e  preceding  
s e c t i o n .  I n  t h i s  s e c t i o n  a corresponding d i s c u s s i o n  of  t h e  
v a r i a t i o n a l  procedure (b )  w i l l  be given.  It t u r n s  ou t  t h a t  t h e  
procedures are i n t i m a t e l y  r e l a t e d  i n  t h a t  t h e  l e a d i n g  terms i n  t h e  
p e r t u r b a t i o n  t r e a t m e n t s  are e q u a l  and o p p o s i t e .  I n  order  t o  
e x h i b i t  t h e  r e l a t i o n s h i p  c l e a r l y ,  t h e  c o n s t r a i n t  procedure w i l l  be 
summarized f i r s t ,  u s i n g  a s l i g h t l y  modified n o t a t i o n .  
The theory  of t h e  c o n s t r a i n t  procedure ( a )  and 
r 
a )  C o n s t r a i n t  Method 
~o minircize E = < q , & $ > / < ~ , g >  s u b j e c t  t o  
w e  d e f i n e  
*h = h +  
(€0) 
and l e t  
be t h e  minimum va lue  of t h e  expec ta t ion  va lue  of 
t o  v a r i a t i o n s  8 %  The value of t h e  Lagrange m u l t i p l i e r  1 
for which (60) i s  v a l i d  i s  given by 
w i t h  r e s p e c t  
Expanding E X  i n  a p e r t u r 3 a t i o n  s e r i e s  g ives  
E, = + Am .I- X2E'"+  .. -. 
where m = <q,r)cq> = E?) i s  t h e  e x p e c t a t i o n  va lue  
of fo r  t h e  unconstrained wave f u n c t i o n ,  Assuming m is  small, 
i t  fol lows from equat ion  ( 6 3 )  t h a t  
19 
20 
and t h e r e f o r e  the energy l o s s  due t o  c o n s t r a i n i n g  i s  
The second-order c o e f f i c i e n t  E:*) i s  g iven  by equa t ion  (41).  
S u b s t i t u t i n g  fo r  & 
c o e f f i c i e n t  by t h e  exac t  one, equa t ion  (41) becomes 
from equa t ion  (59),  and r e p l a c i n g  the  approximate 
S ince  E Y )  i s  c l e a r l y  nega t ive ,  t h i s  confirms t h a t  AEh i s  
p o s i t i v e  . 
due t o  c o n s t r a i n i n g  L r  The change i n  an e x p e c t a t i o n  va lue  
i s  g iven  by equa t ion  (32 ) ,  or 
The e x a c t  form of E f ” )  when dlc has t h e  commutator form (59) i s  
b )  V a r i a t i o n  Method 
The h y p e r v i r i a l  theorem f o r  i s  s a t i s f i e d  by t h e  v a r i a t i o n a l  
func t ion  
i f  t h e  t r i a l  energy 
. 
lo. Substituting r, is stationary with respect to the parameter 
equation (72) into equation (73) we get 
2 1  
( 7 3 )  
(74j  
The perturbation expansion of Ey is therefore 
where 
If E ( 2 )  is replaced by the coefficient in which is an exact 
eigenfunction of & with eigenvalue G , then 
Y 
22 
S e t t i n g  dE7 [dy = 0 and assuming m i s  s m a l l  w e  g e t  
and t h e r e f o r e  t h e  energy p& due t o  v a r y i n g  i s  
The energy g a i n  on v a r y i n g  i s  t h u s  e q u a l  and o p p o s i t e  t o  t h e  energy 
loss on c o n s t r a i n i n g ,  t o  t h e  l e a d i n g  order  i n  p e r t u r b a t i o n  theory .  
The e x p e c t a t i o n  v a l u e  o f  a n  o p e r a t o r  i s  given by 
where 
Hence the change due t o  t h e  v a r i a t i o n  i s  
. 23 
The l e a d i n g  changes i n  Expectat ion v a l u e s  are t h e r e f o r e  a l s o  equa l  
and oppos i t e  f o r  t he  two tcethcds. This  r e s u l t  sugges ts  t h a t  it 
wou.ld be d e s i r a b l e  t o  choose an approximate 
c o e f f i c i e n t  
)L s o  t h a t  t he  
E”’” van i shes ;  t h a t  i s ,  t h a t  t he  e x p e c t a t i o n  va lue  
of  t h e  c o m u t a t o r  of and w v a n i s h e s .  However, t h i s  i s  no t  i n  
g e n e r a l  t r u e  f o r  t he  e x a c t  wave func t ion .  I f  i t  w e r e  true, then 
e x p e c t a t i o n  v a l u e s  would possess  a s t a t i o n a r y  p rope r ty ,  which alas 
i s  n o t  SO. 
W e  a r e  t h e r e f o r e  l e f t  w i t h  t h e  somewhat u n s a t i s f a c t o r y  
s i t u a t i o n  t h a t  “yer pays yer  money and yer  t akes  yer choice”.  It 
can, of  course ,  be argued t h a t  t h e  - v a r i a t i o n  procedure 
o u t l i n e d  above i s  a r t i f i c i a l .  The v a r i a t i o n a l  freedom i m p l i c i t  i n  
t h e  approximate wave func t ion  has  been f rozen  wh i l e  va ry ing  . 
I f  t h e s e  v a r i a t i o n s  w e r e  allowed t o  i n t e r a c t ,  t h e  changes A L  
i n  e x p e c t a t i o n  v a l u e s  might t u r n  out  t o  have t h e  same s i g n .  However, 
i n  t h i s  case d e t a i l e d  information i s  needed about  t h e  e f f e c t  of 
t h e  h y p e r v i r i a l  ope ra to r  $@ on t h e  subspace of the  v a r i a t i o n a l  
f u n c t i o n  desc r ibed  by p ,  and i t  i s  n o t  p o s s i b l e  t o  estimate changes 
i n  t h e  simple way developed above. 
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MULTIPLE CONSTRAINTS 
The theory  can be genera l ized  t o  cover t h e  impos i t i on  of  many 
c o n s t r a i n t s  of t h e  form 
Let be the e x p e c t a t i o n  va lue  of t h e  f i c t i t i o u s  Hamiltonian 
f o r  a v a r i a t i o n a l  wave functfot l  9 . Then t h e  gene ra l i zed  
cons t r a ined  v a r i a t i o n a l  p r i n c i p l e  i s  t h a t  E 
r e s p e c t  t o  v a r i a t i o n s  i n  \E (minfmurnj and w i t h  r e s p e c t  t o  
v a r i a t i o n s  i n  a l l  t h e  >h (maximum). A l t e r n a t i v e l y ,  i f  
E (  h , , x , ,  . - h , ~ )  i s  t h e  va lue  of  which i s  s t a t i o n a r y  wi th  
r e s p e c t  t o  8 %  f o r  a r b i t r a r y  then  t h e  c o n s t r a i n t  c o n d i t i o n s  
determining the  l a t t e r  a r e  
i s  s t a t i o n a r y  w i t h  
5 
The p e r t u r b a t i o n  s e r i e s  f c r  the  energy change due t o  t h e  
c o n s t r a i n t s  i s  
where the s u p e r s c r i p t s  denot ing  t h e  order have been omi t ted .  S ince  
3 AE = M I  -ps i t  fo l lows  from equa t ion  (87) t h a t  
i s  the  e r r o r  i n  t h e  f r e e  v a r i a t i o n a l  where 9 s  = ~3 - ~~ 
e x p e c t a t i o n  va lue  of . The Lagrange m u l t i p l i e r s  a r e  
t h e r e f o r e  given by the  equat ions 
25 
Hence, s o l v i n g  approximately fo r  t h e  
e q u a t i o n  (87) g ives  
A r  and s u b s t i t u t i n g  i n t o  
-1 i s  t h e  5 ~ - e l e m e n t  of t h e  i n v e r s e  of t h e  m a t r i x  of 
where 
elements  . The change A L i n  an  uncons t ra ined  
e x p e c t a t i o n  va lue  L due t o  mui t ip l e  c o n s t r a i n t s  i s  s i m i l a r l y  
e a s i l y  shown t o  be 
For t h e  l i n e a r  v a r i a t i o n a l  f u n c t i o n  (12) t h e  c o e f f i c i e n t s  
occur r ing  i n  equat ions  (90) and (91) a r e  given by 
ALTERNATIVE PERTURBATTON SCHEMES 
The p e r t u r b a t i o n  approach developed above corresponds t o  t h e  
l? 
Rayleigh-Schrodinger p e r t u r b a t i o n  theory .  It i s  t h e  s i m p l e s t  
p e r t u r b a t i o n  scheme and h a s  the m e r i t  of p rov id ing  e x p l i c i t  
formulae f o r  q u a n t i t i e s  of in terest .  However, i n  p r a c t i c e  i t  may 
happen t h a t  a l though t h e  cond i t ions  f o r  a p e r t u r b a t i o n  approach 
26 
are s a t i s f i e d ,  i n  t h a t  AE and bp are s m a l l  and b E  = O(+!), 
t h e  Rayleigh-Schrodinger ser ies  converges too  s lowly t o  be u s e f u l .  
T h i s  can occur if t h e r e  i s  a low-lying e x c i t e d  s t a t e  f o r  which t h e  
e x p e c t a t i o n  v a l u e  of 
s t a t e  value,  M o o  . I n  such c a s e s  t h e  a l t e r n a t i v e  p e r t u r b a t i o n  
I1 11 
schemes of Bril louin-Wigner Fe inberg  or Sasakawa12 or t h e  
( 1  1 3  p a r t i t i o n i n g  technique  o€ Lowdin may converge more r a p i d l y ,  and 
may be used when t h e  v a r i a t i o n a l  f u n c t i o n  i s  of  t h e  type  ( 1 2 ) .  
1 1  
d i f f e r s  c o n s i d e r a b l y  from t h e  ground 
The s t r u c t u r e  of t h e  Bril louin-Wigner se r ies  i s  p a r t i c u l a r l y  
s imple ;  t h e  f i r s t  terms i n  A E  a r e  
I n  p r i n c i p l e  t h i s  must be so lved  i t e r a t i v e l y .  However, A E  
i s  of order A2 
t o  order *) 
, s o  f o r  s i m p l i c i t l y  t h e  approximation (not exact 
may be used i n  the denominators i n  e q u a t i o n  (93) t o  g ive  
- - - - -  
11. See A .  Dalgarno, "Sta t ionary  P e r t u r b a t i o n  Theory", Chap. 5, 
171 and D .  R .  Bates ( ed . )  Quantum Theory, L9 Acadeaic P r e s s ,  
New York (196 ) .  
1 2 .  Sasakawa, J, Math. Phys. 970 (1963). 
13. P. 0. Lowdin, J. Mol. Spec. - 10, 1 2  (1963);  i b i d . ,  l4, 1 1 2  (1964). I1  
4 
.. 
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where fb = - eo . The Lagrange FarameterAcan be obta ined  from t h e  
e q u a t i o n  dhE (dl = 0 
B r  i 1 l o u i n  - W i  gner t h e  or y 
J 
by so lv ing  i t e r a t i v e l y ,  i n  t h e  s p i r i t  of t h e  
APPLICATION TO LITHIUM HYDRIDE 
c 
To i l l u s t r a t e  t h e  a p p l i c a t i o n  of  t h e  p e r t u r b a t i o n  approach and 
a l s o  t o  examine i t s  range  o f  v a l i d i t y ,  t h e  theory  has  been app l i ed  t o  
Robinson's 
Rasiel and Whitman i n  t h e i r  study of  t h e  cons t r a ined  v a r i a t i o n a l  
14 
i a l c u h t i o n s  cn l i t h ium hydr ide ,  which were chosen by 
2 
method. Robinson's work i s  based on a three- te rm open-she l l  
c o n f i g u r a t i o n  i n t e r a c t i o n  func t ion  wi th  a b a s i s  s e t  of s i x  S l a t e r  
t ype  atomic o r b i t a l s .  The minimum t o t a l  molecular energy obta ined  
by Robinson d i f f e r s  from the  experimental  va lue  of -219.71 e V  by 
on ly  0.47 e V ,  and t h e  equ i l ib r ium d i s t a n c e  i s  3.0133 B o h r ,  which 
agrees w i t h  t h e  exper imenta l  value.  However, t h e  e x p e c t a t i o n  v a l u e s  
o f  o p e r a t o r s  are no t  n e a r l y  s o  good. I n  p a r t i c u l a r ,  t h e  c a l c u l a t e d  
d i p o l e  moment i s  4.157 D ( H  + L i )  which d i f f e r s  from t h e  exper imenta l  
v a l u e  of 5.881 D by 29 per  c e n t ;  t he  e x p e c t a t i o n  va lue  of t h e  t o t a l  
f o r c e  on t h e  molecule,  which should van i sh  by t h e  Hellrnann-Feynman 
theorem, i s  0.698 au .  (H --+ L i ) ;  t h e  q u a n t i t y  2K + U , which should 
v a n i s h  by t h e  v i r i a l  theorem, i s  -0.550 a u .  
z 
- -  
14. 
* 
- - -  
J. M. Robinson, Jr., Ph.D. Thes is ,  Vn ive r s i ty  of Texas, 
Aus t in  (1957). 
Robinson's work has  been surpzssed i n  accuracy  by t h e  r e c e n t  
28 - t e rm c a l c u l a t i o n ,  u s ing  a mixed o r b i t a l - b a s i s  set, of 
J. C .  Browne and F.  A .  Matsen, Phys. Rev. 135, A1227 (1964). 
.D 
28 
t o  reproduce t h e  expev f m n t a l  dipole a m e n t  by s e t t i n g  by* = 
1.724 D = 0 .678  a u -  They c a l c u l a t e d  a n  i n c r e a s e  i n  
energy AE due t o  t h e  c n n s t r a i n t  of o n i y  0.00506 au. or  about  
0.14 e V .  The e x p e c t a t i o n  vali ies of t h e  o p e r a t o r s  they  cons idered  
improved q u i t e  markedly i n  t h e  cases where t h e  va lue  i s  known. I n  
p a r t i c u l a r  t h e  c o n s t r a i n e d  e x p e c t a t i o n  v a l u e  of t h e  t o t a l  f o r c e  was 
reduced t o  0.277 au.  
1 n . o r d e r  t o  check t h e  range  of v a l i d i t y  of t h e  p e r t u r b a t i o n  
approach, t h e  c a l c u l a t i o n s  performed by R a s i e l  and Whitman were 
r e p e a t e d  u s i n g  t h e  formulae der ived  i n  t h i s  paper .  The v a l u e  -29.66 a u ,  
f o r  t h e  c o e f f i c i e n t  E ( * )  w e s  ob ta ined  from e q u a t i o n  ( 2 4 )  by 
s u b s t i t u t i n g  the  matrix elements  M,+ c a l c u l a t e d  from Robinson's 
- J  9: 
r e s u l t s  by Ras ie l .  15' The f i r s t  approximation f o r  L E ,  e q u a t i o n  
(23),  then  g ives  0.00387 au. o r  about 0.11 e V  compared w i t h  t h e  
c o r r e c t  v a l u e  0.14 e V  found by Ras ie l  and Whitman. The i n e q u a l i t y  
(26) can be a p p l i e d  i n  t h i s  case t o  f i n d  o u t  i f  t h e  h igher  terms 
can  be neglec ted ,  as LiH p o s s e s s e s  a low-lying e x c i t e d  s t a t e .  
The i n e q u a l i t y  becomes: 0 - 6 8  << 1.55. 
15. Y .  R a s i e l ,  Ph.D. Thes is ,  Case I n s t i t u t e  of Technology (1964), 
and p r i v a t e  communication. 
This  corresponds t o  a v a l u e  of t h e  p o l a r i z a b i l i t y  p a r a l l e l  t o  
t h e  L i H  a x i s  of  8 ,8  A3, which i s  over twice as l a r g e  as t h e  
approximate v a l u e  3.76 A3 c a l c u l a t e d  by H. J. Kolker and 
M. Karplus, .T. Chem. Phys. 39, 2011 (1963). These a u t h o r s  
t h i n k  their  method a l r e a d y  o v e r e s t i m a t e s  LK s o  t h a t  t h e  
replacement of E(2)  by i t s  exper imenta l  v a l u e  would be i n  
e r r o r  by over a f a c t o r  of two. 
S ince  t h i s  i s  n o t  s t r i c t l y  - - - - -  
Jc 
6 . - 
s a t i s f i e d ,  t h e  convergence of t he  p e r t u r b a t i o n  series w a s  checked 
as fo l lows .  w a s  c a l c u l a t e d  by i n v e r t i n g  equa t ion  (20) c o r r e c t l y  
through t h i r d  order  i n  8 = AP/2E(*)  : 
29 
(96) 
? E -0.0114 - 0.0034 - 0.0002 + . . . 
= -0.0150. 
Th i s  va lue  w a s  then  s u b s t i t u t e d  i n t o  equa t ion  (17) through t e r m s  
i n  X' : 
= +0.01017 - 0.00667 + 0.00175 - 0.00020 + ... ? 
= +0.00504 . 
The f i n a l  agreement w i t h  R a s i e l  and Whitman i s  e x c e l l e n t ,  b u t  t h e  
convergence of t h e  Rayleigh-Schrsdinger series i s  only  moderately 
f a s t .  The f i r s t  o rder  c o r r e c t i o n  t o  t h e  t o t a l  f o r c e  F due t o  
c o n s t r a i n t  w a s  c a l c u l a t e d  from equa t ion  (32) .  The a p p r o p r i a t e  
* 
= 49.60 au. w a s  obtained by s u b s t i t u t i n g  t h e  matrix 
- - - e -  
* 
The e x a c t  va lue  of t h e  c o e f f i c i e n t  
i s  4 f o r  LiH. This  i s  a warning t h a t  t h e  use o f  t h e o r e t i c a l l y  
or  exper imenta l ly  known va lues  of  t h e  e x a c t  c o e f f i c i e n t s  i n  
e s t i m a t i n g  t h e  e f f e c t s  of c o n s t r a i n t s  may be ve ry  wide of t h e  mark. 
E""), g iven  by equa t ion  (S l ) ,  
30 
elements  f o r  M and F c a l c u l a t e d  by R a s i e l 1 3  i n t o  e q u a t i o n  
(33).  This l eads  t o  b F  2 -0.567 or F ( c o n s t r a i n e d )  S 0.131 a u . ,  
which i s  t o  be compared w i t h  Ras ie l  and Whitman : F ( c o n s t r a i n e d )  = 
O J  0 3  
2 
0.277 au.  I n  t h i s  case t h e  l e a d i n g  t e r m  i n  t h e  p e r t u r b a t i o n  formula 
g i v e s  t h e  c o r r e c t  s i g n  and order  of magnitude f o r  AL,  b u t  h igher  
order  terms would be needed t o  compute i t  w i t h  p r e c i s i o n .  
1 
The p a r t i c u l a r  c o n s t r a i n t  used by Mukherji  and Karplus  and by 
2 
Rasiel  and Whitman , namely, t h a t  t h e  d i p o l e  moment s h a l l  have t h e  
observed v a l u e ,  s p o i i s  t h e  a b s o l u t e  c h a r a c t e r  o f  t h e  t h e o r e t i c a l  
c a l c u l a t i o n  by i n t r o d u c i n g  an e m p i r i c a l  e lement .  T h i s  c r i t i c i s m  
cannot  be made of t h e  c o n s t r a i n t  t h a t  t h e  t o t a l  f o r c e  F vanishes ,  
s i n c e  i t  i s  a t h e o r e t i c a l  requirement  of t h e  HelPmann-Feynman theorem. 
It i s  t h e r e f o r e  i n t e r e s t i n g  t o  use t h e  p e r t u r b a t i o n  formulae t o  
f i n d  t h e  c o s t  i n  energy h E  of t h e  c o n s t r a i n t  F = 0, and i t s  e f f e c t  
on t h e  c a l c u l a t e d  d i p o l e  moment. The q u a n t i t y  A p  i s  now 
A F = -0.698 av. and t h e  a p p r o p r i a t e  E(2)  = -65 .96 ,  so  t h a t  
s u b s t i t u t i o n  i n  e q u a t i o n  (23) g i v e s  AE = 0.00184 a u .  or about 
0.05 e V .  Pursuing t h e  terms of h igher  order  t o  check convergence, 
t h e  value of given by e q u a t i o n  ( 9 6 ) i s  
= +0.00529 - 0.00089 - 0.00054 + . . . 9 
= +0.00386 . 
When t h i s  v a l u e  i s  s u b s t i t u t e d  i n t o  e q u a t i o n  (97) a l o n g  w i t h  t h e  
a p p r o p r i a t e  v a l u e s  f o r  t h e  c o e f f i c i e n t s  E , e tc . ,  t h e  r e s u l t  i s  (2) 
. 
32 . 
of t h e  Same symmetry or  similar f u n c t i o n a l  behavicur are a$pl ied  any 
approximate wave f u n c t i o n  w i l l  i n e v i t a b l y  become d i s t o r t e d  and 
u n r e l i a b l e .  However, f u t u r e  i n t e r e s t  i s  focussed on t h e  p o s s i b i l i t y  
of  app ly ing  only  a few d i f f e r e n t  types  of t h e o r e t i c a l  c o n s t r a i n t  
and c a l c u l a t i n g  t h e  e f f e c t  on a wide v a r i e t y  of  o the r  p r o p e r t i e s .  
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AE CO0O0269 - 0.00098 - 0000008 - 0,00004 4- 
= +0.00159 au.  
. 
c 
c 
or  about 0.04 e V .  The convergence i s  t h e r e f o r e  s a t i s f a c t o r y ,  
and t h e  f i r s t  approximation fo r  t h e  change 
moment given by e q u a t i o n  (32)  may be presumed dominant. 
of 
o r  M (cons t ra ined)  = 4.83 D, which i s  i n  e r r o r  by about 18 per  
c e n t .  The e f f e c t  of c o n s t r a i n i n g  t h e  t o t a l  f o r c e  i s ,  t h e r e f o r e ,  t o  
improve t h e  c a l c u l a t e d  d i p o l e  moment by about 9 per  c e n t  , f o r  a 
n e g l i g i b l e  change i n  energy of about 0.04 e V .  The improvement i s  n o t  
s t r i k i n g ,  bu t  n e i t h e r  i s  i t  n e g l i g i b l e .  
A M  i n  t h e  d i p o l e  
The v a l u e  
A M  % 0.262 au.  E',') i s  t h e  same as before ,  and t h e  r e s u l t  i s  
N 
i'r 
DISCUSSION 
The p e r t u r b a t i o n  approach presented  h e r e  should provide  a 
r a p i d  and easy  way t o  estimate p o s s i b l e  improvements t o  be gained 
by modifying v a r i a t i o n a l  wave f u n c t i o n s  and t h e  c o s t  t h e r e o f .  
However, t h e  a p p l i c a t i o n  t o  l i t h i u m  hydr ide  shows, f i r s t ,  t h a t  
a t t e n t i o n  must be p a i d  t o  t h e  convergence of t h e  ser ies  t o  guarantee  
r e l i a b i l i t y ;  and second, t h a t  t h e  s u b s t i t u t i o n  of t h e  exact v a l u e s  
o f  t h e  p e r t u r b a t i o n  c o e f f i c i e n t s  f o r  t h e  v a r i a t i o n a l  v a l u e s  may 
be u n r e l i a b l e .  
With r e g a r d  t o  m u l t i p l e  c o n s t r a i n t s ,  c l e a r l y  as more c o n s t r a i n t s  - - - - -  
* Y. R a s i e l  ( p r i v a t e  communication) has  c a l c u l a t e d  hE and A M  by 
t h e  i t e r a t i v e  method o f  r e f e r e n c e  2 .  He o b t a i n s  hE= + 0.00150 a u .  
or 0.04 eV, and M(constrained)  = 4.75 D .  The agreement i s  thus  
v e r y  good. 
